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We consider a process of two classes of particles jumping on a one-dimensional
lattice. The marginal system of the first class of particles is the one-dimensional
totally asymmetric simple exclusion process. When classes are disregarded the
process is also the totally asymmetric simple exclusion process. The existence of
a unique invariant measure with product marginals with density p and 4 for the
first- and first- plus second-class particles, respectively, was shown by Ferrari,
Kipnis, and Saada. Recently Derrida, Janowsky, Lebowitz, and Speer have
computed this invariant measure for finite boxes and performed the infinite-
volume limit. Based on this computation we give a complete description of the
measure and derive some of its properties. In particular we show that the
invariant measure for the simple exclusion process as seen from a second-class
particle with asymptotic densities p and 4 is equivalent to the product measure
with densities p to the left of the origin and 2 to the right of the origin.

KEY WORDS: Two-species process; asymmetric simple exclusion; second-
class particles.

1. INTRODUCTION

The simplest way of defining the two-species system is by using the basic
coupling of the totally asymmetric simple exclusion process (SEP). We
define the simple exclusion process n,€{0,1}% (t>0) as follows. At each
site xeZ we attach a random clock that rings according to a Poisson
process of parameter 1. The clocks are mutually independent. When the
clock of an occupied site x rings, if x + 1 is empty, the particle at x jumps
to x+1. If x+ 1 is occupied, nothing happens. Thus, in this process, the
particles are generally drifting to the right. If one considers two initial con-
figurations 7' and #?e {0, 1}Z such that n'(x) <n*x) for all x, and uses
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the same clocks for both realizations, then one has a coupled process
(71, n?) with the property that n!(x)<x%(x) for all x and all r>0.0'>'®
The two-species process (g, &,) (¢ =>0) is defined by putting o,(x)=n}(x)
and ¢,(x)=n2(x)—n}(x). The o particles are the first-class particles and
the & particles are the second-class particles. The reason for these terms is
that, when a clock rings for a first-class particle at site x and a second-class
particle is at site x+ 1, the particles interchange positions, whereas if a
second-class particle is at x and a first-class particle is at x + 1, they do not
move. It is easy to see that the two-species process is Markovian.

In this paper we are concerned with the invariant measures for the
two-species process. Since the marginal processes o, and o, + &, are simple
exclusion processes, the corresponding marginal measures .of any invariant
measure for the two-species process must be invariant for the SEP. Now,
the invariant measures for the SEP are convex combinations of the product
measures v, with density pe[0,1] and the blocking measures concen-
trated on the configuration ..000111... and its translates. Let us say that a
distribution of (o, £) has good marginals if, for some p <4, its ¢ marginal
is v, and its o + ¢ marginal is v;. It is easy to construct a product measure
n, for (o, &) with good marginals. Ferrari et al.'® proved that, for the two-
species process (o,, £,), there exists a unique invariant measure u, with
good marginals, and that the process started with the product measure ,
converges to p, as {— co. Derrida et al'® have recently computed the
invariant measure 4, in finite boxes and, performing the infinite-volume
limit, they have investigated u,. In a sequel, Speer'”) makes this approach
rigorous.

One important fact discovered by Derrida et al.®” is that, under the
invariant measure p,, the distribution to the right of a second-class particle
is independent of the distribution to its left. This suggests studying the pro-
cess “as seen from a second-class particle.” To make this precise, assume
that at time =0 there is a second-class particle at the origin and let X, be
its position at time . The process as seen from this second-class particle is
(tx,0,, 1x,¢,), where 1 denotes translation by x. Thus,

(tx,0/(x), T3l (x)=(0(x+X,), & (x+X,)) forall xeZ

Now assume that the initial distribution u of the two-species process is
translation invariant, and that it has a positive density of second-class
particles. Then, at time ¢, the process as seen from a second-class particle,
started with the measure u conditioned to having a second-class particle at
the origin, has the same distribution as the two-species process started with
the unconditioned measure p, but itself conditioned to having a second-
class particle at the origin at time ¢. This means that, when the density of
second-class particles is positive, the invariant measures for the two-species
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process have a corresponding invariant measure for the process as seen
from a second-class particle.”) But in fact the process as seen from a
second-class particle is richer: it has invariant measures with only a finite
number of sécond-class particles with no corresponding measure in the
two-species process.

Our main contribution is a complete description of the invariant
measures for the two-species process as seen from a fixed second-class
particle. This description is based on computations in Derrida et al.'*) We
consider two densities 0 < p <A< 1 and construct a measure p)= us(p, 1)
that is invariant for our process (see Theorem 1). The parameters corre-
spond to the asymptotic densities (as x - +o0) of the first- and the first-
plus second-class particles. The cases p=0 or A=1 are easier and were
considered before. In the particular case in which p =0 or 1= 1, either the
o marginal or the o + £ marginal is trivial. Moreover, in this case, the other
marginal is trivial if p =4 and it is the SEP if p < A. In the latter case, the
process corresponds to the SEP as seen from a tagged particle, as studied
by Ferrari'® and De Masi et al.'® An important general property of the
measure u5 is “translation invariance,” in the sense that it is the same seen
from any second-class particle. When p <A1 this “translation invariance”
implies that there exists a unique translation-invariant u, such that p) is g,
conditioned to having a second-class particle at the origin. When 4 = p, the
average distance between two successive second-class particles is infinite.
This implies that there is no translation-invariant measure y, such that u)
is u, conditioned to having a second-class particle at the origin.

Recall that our particles are drifting to + co. The definition of the two-
species process is such that a first-class particle can overtake a second-class
one, but the other way around is prohibited. Let us start the process with
a second-class particle at the origin, and, along the evolution of the
process, we refer to this particle as the zeroth second-class particle. We
consider the second-class particles from left to right, so that we may speak
of the ith second-class particle for any ieZ. If one identifies the two
classes of particles starting from (and to the right of) the ith second-class
particle (i > 0), one has an operator @; acting on the configurations (g, &),
which commutes with the semigroup corresponding to the evolution.
Similarly, for any fixed j <0, one can identify holes, i.e., empty sites, with
second-class particles starting from, and to the left of, the jth second-class
particle to obtain an operator ¥, that also commutes with the semigroup.
Hence, applying any (or both) of these operators to the “translation-
invariant” stationary measure 5, we obtain another invariant measure (see
Theorem 2). Incidentally, these new measures are clearly not “translation
invariant.” Now, identifying first- and second-class particles to the right of
the particle at the origin and holes and second-class particles to the left of
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it, we obtain the invariant measure for the process as seen from a single,
isolated second-class particle. When p < 4 this corresponds to a shock in
the SEP.”"®» When p = A there is a reminiscence of the shock, as the density
to the right of the second-class particle is bigger than the density to the
left of it and the approach to the asymptotic density 4, which equals p here,
is slow." If one makes the identification for all but two second-class
particles, one gets that the distance d between the two second-class par-
ticles is, following the terminology of Derrida et al.,'¥ a “bounded state”
even when 1 = p. Indeed, the distribution of d is the same as the distribution
of the distance between two successive second-class particles under u5.
It turns out that this distance has the same distribution as the hitting time
of 1 for a nearest-neighbor random walik with jumps in {—1,0, 1} with
probabilities p(1 — 1), 1 —A(1—p)—p(1 —A4), and A(1 —p), respectively
(see Lemma 2.5).

Our approach relies on the work of Derrida et al.*’ and Speer,"'”’ but
we work directly in the infinite volume. In Section 3 we describe completely
the measure p, and show that it is invariant for the process as seen from
a fixed second-class particle. Derrida et al.'*’ state the following remarkable
property of the measure u5: the distribution of first-class particles to the
right of the tagged second-class particle is the product measure v, with
density p, while the distribution of empty sites to the left of the tagged
second-class particle is the product measure v,_,; with density 1—A
Speer‘!”! proves this statement and here we give an alternative proof of this
fact by showing that one may construct u5 as foliows. We first put a
second-class particle at the origin and distribute the first-class particles to
the right of the origin according to the measure v,. Then we give a recipe
for deciding where to put the second-class particles among the unnoccupied
sites. To the left of the second-class particle at the origin the positions of
the empty sites are chosen according to the product measure v,_; and
a similar recipe is used to decide where to put the second-class particles.
(See Proposition 1.)

When 4 > p there exists a unique translation-invariant measure p, with
the property that it coincides with u5 when it is conditioned to having a
second-class particle at the origin. As explained above, the invariance of u)
for the process as seen from the second-class particle implies that the
measure y, is invariant for the two-species process. Using the property that
the first-class particles to the right of the tagged second-class particle are
distributed according to a product measure, we show that u, has good
marginals (cf. Theorem 3). This already followed from the infinite-volume
limit of Derrida,'’ but in a somewhat indirect way. We also show that it
is possibie to construct a coupling g with marginals u5 and p, in such a
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way that the number of sites where the two marginals differ is a random
variable with a finite exponential moment. (See Theorem 4.)

Let v, ; be the product measure with density p to the left of the origin
and density 4 to the right of the origin. Using the results of Ferrari et al.,*’
Ferrari'”) proved that the SEP as seen from a second-class particle starting
with the product measure v, ; presents a shock: uniformly in time the
asymptotic densities are p and 4 to the left and right of the origin, respec-
tively. Indeed the process with a unique second-class particle, started at the
origin, with initial product distribution v, ; can be coupled to the two-
species process with initial product distribution 7, (with marginals v, and
v;) in such a way that at all times the single second-class particle of the first
process has the same position as the tagged second-class particle in the
second process. As mentioned above, this can be done by identifying first-
and second-class particles to the right of the origin and empty sites and
second-class particles to the left of the origin. Applying the results for the
two-species process to the shock in the SEP, Derrida et al.'¥ have com-
puted the rate of convergence of the density of the shock to the asymptotic
densities p and 4. We make a further step proving that the invariant
measure ' for the process as seen from a single second-class particle has
the following property. One may construct a coupling between u’ and v, ,
in such a way that the number of sites where the two marginals differ is a
random variable with a finite exponential moment. This implies in par-
ticular that ' is equivalent to v, ;. (See Theorem 5 and its corollary.)

Let us now mention some related results. Speer!'”’ described the set of
all invariant measures for the two-species process and showed that the
invariant measure y, is not Gibbsian. Ferrari and Fontes'®’ computed the
asymptotic variance of the position of the second-class particle for the pro-
cess with initial distribution u5, and they studied the density fluctuation
fields for the exclusion process with a shock initial condition.

This article is organized as follows. In the next section we prove three
basic lemmas (Lemmas 2.1-2.3) that are used in later sections. In Section 3
we give our construction of the measure u5 and we prove Theorem 1, which
asserts that g} is invariant for the process (ty,6,, 7x,£,). Also in this section
are Theorem 2, concerning other invariant measures constructed from u5
with the aid of the operators &, and ¥;, and Proposition 1. In Section 4 we
deal with the invariant measure u, for the process (g,, £,), and prove that
it has good marginals (cf. Theorem 3). In that section we also prove
Theorem 4, concerning the coupling ji between u, and p) mentioned above.
The last section is devoted to proving Theorem 5, on the coupling between
pand v, ;.
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2. A DISTRIBUTION ON THE SET OF
FINITE CONFIGURATIONS

Let Y be the space of finite configurations of O’s and 1’s, ie.,

Y={) {0,1}"={@,0,1,00,01, 10, 11,000,...}

nz0

Usually, we think of a sequence { in Y of length n as indexed by {1,.., n}.
In this section we define.and study a certain probability distribution p on
the space Y. This distribution will be used in the next section to construct
the invariant measure for the system as seen from a second-class particle.

Let { €Y be given. We write N({) for the length of {, and K({) for the
number of 1I’s in {. Formally, we have N({)=n if and only if (€ {0, 1},
and K({)=Y"% {(x). An important definition that we shall need is the
following. For { €Y, let M({) be the number of distinct configurations that
can be obtained from { by shifting ones to the right, including { itself. Thus,
for example, we have M(100)=3, M(0011)=1, and M(1010)=5.

We may now define the distribution p on Y. In fact, we shall define a
distribution p=p, ; for each 0<p <2< 1. Let p and 4 as above be fixed.
Given (€Y, we put

PO =p, (0 =1 —p) M(O)(Ap)X O [(1 =2)(1 —p) M=K (21)

We show in Lemma 2.1(1) below that p does indeed define a probability
distribution over Y. It is with the aid of p= p, ; that we shall construct the
invariant measure for the two-species process as seen from a second-class
particle when the asymptotic densities of the first-class particles and the
first- plus second-class particles are, respectively, p and A

The rest of this section is devoted to proving that p gives a probability
measure over Y and to the study of some simple properties of the space
(Y, p) and of the function M({) ({ € Y). In particular, we shall consider the
random variable N= N({), that is, the random length of a sequence {
drawn from Y according to p. The main results of this section are given in
Lemmas 2.1-2.3, which we now state.

Lemma 2.1. Let p, 2€(0, 1) be fixed. Then (i) X, .y p({)=1if and
only if p< 2. Assuming that p< A and, writing for the expectation in
(Y, p), we have (ii) if p< 4, then E(N+1)=1/(A—p), and (iii) if p=4,
then E(N +1)=co. Finally, (iv) if p <4, then N has a finite exponential
moment. In other words, there exists 8 >0 such that

B < oo (2.2)
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The distribution of the random variable N is given in Lemma 2.5
below. The generating function of N is given in the following lemma.

Lemma 2.2. Let p <A The generating function of N is given by

1
[ESN=2as2 {1—cs—[(1—cs)*>—4abs?*]'?} (2.3)

where a=p(1l — 1), b=A(1—p), and ¢c=1—a—b. The closed disc |s| <
{1- (\/Z—\/;)Z} ~!' is its domain of convergence.

Our next lemma, Lemma 2.3, is inspired by Derrida et al.'¥

Lemma 2.3. Forall {, yeY, we have M({10y) = M({1y)+ M({0y).

We now define a random walk on the integers that will be important
in the sequel. Let X,, X,,.., Y,, Y,,., be independent 0-1 random
variables with E(X;})=Aand E(Y;)=p (i21). Put Z,=X,— Y, (i= 1), and
let Z,=3%, cicn Z;(n20). Note that then (Z,)& is a random walk on Z,
and let T=inf{n>0: Z,=1} be the hitting time of the event {Z,=1}.

The rest of this section is devoted to proving the lemmas above. The
other sections of this paper may be read independently from what follows.
Our first auxiliary lemma is the following.

Lemma 2.4. For all integers n, k>0, we have

1 n\/n+1
ZM(C)=k—+l<k>< . ) (24)

where the sum ranges over all (€Y with N({)=n and K({)=k.

We defer the proof of Lemma 2.4 until later, and pass on to a result
that is crucial in the proof of Lemma 2.1(i).

For a finite configuration { € Y, recall that N({) denotes its length and
K({) its number of I's. For integers # and &, set p, , =2, p({), where the
sum ranges over all {eY with N({)=n and K({)=k. Note that once we
know that p is a probability measure on Y, the quantity p, , is simply the
probability that a random configuration (€Y has length n and k£ I’s.
In particular, the lemma below in this case simply states that P{N=n} =
P{T=n+1j}.

Lemma 2.5. Let 4, pe(0, 1) be fixed. Then, for any n >0, we have
S pui=P{T=n+1} (2.5)
k
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Proof. By Lemma 2.4, we have

1 (n+1 (n+1 B
Pn.k=;1‘+—1<k+1))»"“(1—-1)"""( N )pk(l—p)"“ k

1
= P(Wy=k+1) P(W,=k)

+

where W, and W, are two independent binomial random variables with
parameters n+ 1 and A and n+ 1 and p, respectively. Now, summing over
all k, for n>0 we have

1
%pn.k=n+l

1
P{W\~Wo=1} =——P(Z,,,=1) (2.6)

where (Z,)& is the random walk introduced above. On the other hand,
recalling that 7T is the hitting time of 1 for that walk, we have

1
n+1

P{T=n+1}=——P{Z,,,=1) (2.7)

for all integers n> 0. Identity (2.7) is Exercise (IV.12) of Spitzer,!'®’ but for
completeness we give a combinatorial proof for it in Lemma 2.6 below.
Lemma 2.5 follows from (2.6) and (2.7). W

Remark 2.1. The Local Central Limit Theorem (or direct calcu-
lations) and (2.7) imply that, when O <p=A4<1, we have P(T=n)=
[c+0(1)]n=*? as n— o, where ¢ =c(p) >0 depends only on p. For the
case in which p <1, see Remark 2.2.

Let us now prove (2.7). The proof below is entirely combinatorial and
more elementary than the one suggested in Spitzer,'®’ which is based on
Lagrange’s inversion formula.

Lemma 2.6. Let (V,) be a family of iid. {+1,0}-random
variables and let V,=3, ., ., V:(n=0) be the associated random walk
on Z. Let T=inf{n: ¥,=1} be the hitting time of {¥,=1}. Then
P{T=n}=n"'P{W,=1} for all integers n> 1.

Proof. We deduce this result from a lemma of Raney‘!® (see also

Example 4 in Section 7.5 of ref. 10): if x=(x,,., x,) is a sequence of
integers with >, ., ., x,=1, then there is a unique cyclic permutation of x,
8SaY (X, X, 4 ) sees Xp» X15e0 X; 1), all of whose proper initial partial sums are
nonpositive, i.e., such that x;, x;4+x;, 1,.., x;+ --- +x,_,<0.
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Let x =(x,,.., x,,) be a {+1,0}-sequence with 3, ., ., x;=1, and let
E, be the event that (V,.., V,,) is a cyclic permutation of x. It is simple to
check, and in fact it follows from Raney’s lemma, that all the n cyclic
permutations of x are distinct. Also, clearly, the probability that (V)] is
any of these n permutations is (1/n) P(E,). Now, by Raney’s lemma,
exactly one of these permutations corresponds to the event {T=n}, and
hence Lemma 2.6 follows. W

We may now prove Lemma 2.1, the first main result of this section.

Proof of Lemma 2.1. (i) We need to prove that 3", , p, =1 if and
only if p<A In view of (2.5), we have ¥, pox=2,.P(T=n+1)=
P(T < o), where T is the hitting time of 1 for the walk (Z,) defined just
after Lemma 2.3. It now suffices to notice that T < oo almost surely if and
only if the walk (Z,)& has nonnegative drift. This proves (i).

We assume from now on that p <A, and rewrite (2.5) as P{N=n} =
P{T=n+1} (neZ). Let us now prove (ii). Suppose that p <A. Then,
again considering the random walk Z,=3", ..., Z; and the hitting time T,
by Wald’s identity we obtain 1=E(Z,)=EZ,) E(T)=(A-p)ET), and
hence E(N+1)=E(T)=1/(A— p), as required.

To see (i), note that for 4 = p the expected hitting time ET is infinite.
Finally, to prove (iv), we prove that P{N=n} decays exponentially
with n. By (2.5) and (2.7), we have

P{N=n}=P{T=n+1}=(n+1)"'P{Z,, =1}
SP{ZrH»l:l}

for all integers n > 0. But then it suffices to notice that this last probability
is exponentially small, since E(Z,) =4 — p > 0. Indeed, if n is large enough
with respect to A — p, we have that

(2.8)

ERPRY
P(Z,.+|=1)<exp{ M)—"}

T5(A—p+1)
by Hoeffding’s inequality.”'"'> ®
Proof of Lemma 2.2. The result is obtained by a standard applica-

tion of Wald’s identity to the stopping time 7,"* and standard analytic
continuation arguments. i

Remark 2.2.° It follows from Lemma 2.2 that P{N=n} decays a
little faster than is suggested in (2.8) in the proof of Lemma 2.1(iv). The
rate of exponential decay of the distribution of ¥ when 4> p is given by

lim sup P{N=n}""=1~{[A(1—p)]"*—[p(1-1)]"?}?

n— o
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We now turn to the proof of Lemma 2.3. Let {eY be given. Write
() for the set of configurations that can be obtained from { by trans-
lating ones to the right. Thus M({) is simply the cardinality |.#({)|
of A({). If neY, then n{ will denote the sequence in Y obtained by the
concatenation of # and {. Finally, if Xc Y, we let X{= {r]C: ryeX}.

Proof of Lemma 2.3. We fix {eY, and use induction on N(y). If
N(y)=0, that is, if y is the empty sequence, then it suffices to notice that
M({10)= A (1) 0 #(L0) 1, where the union is clearly disjoint. Thus the
result follows in this case. Assume now that N(y)>1, and that the result
holds for smaller values of N(y). We now analyze two cases.

Case 1. The sequence y does not contain the segment 10. In this
case we clearly have that y =0%1’ for some k, />0. If /> 1, using the fact
that #(n1)=.#(n)1 for any neY and the induction hypothesis, we are
home. Thus we may assume that y =0* for some k> 1. Now note that

M(L100F)y = A (0) 105+ U A(L0) 105 U - LAY T (29)

where clearly the sets on the right-hand side are pairwise disjoint. Similarly,
we have

M(L10%) = H() 1050 H(L0) 10K~ U - U051 (2.10)

with all the unions disjoint. We now observe that, by (2.10), the elements
in all but the last set on the right-hand side of (2.9) are in natural one-to-
one correspondence with the elements in .#({10%). Moreover, since the
elements in the last set on the right-hand side of (2.9) correspond to the
elements in .#({0**')=.#({0y) in an obvious way, we have that

M(L10y) = [ ({105 1) = [ (L 10%)] + | A (L0 1) = M({Ly) + M(LOy)
as required.

Case 2. The sequence y contains the segment 10. In this case let us
write y =1y, 10y,. Using the induction hypothesis, we have that

M({10y) = M({ 10y, 10y,) = M({ 10y, 1y,) + M({10y,0y,)
=M({1y,1y,) + M(L0y, 1y,) + M({1y,07,) + M({0y,0y,)
= M({1y,10y,) + M({0y, 10y,) = M({1y) + M({0y)

completing the induction step, and hence the proof. H

To close this section, we need to prove Lemma 2.4. To this end, we
consider a function R({) ({€Y), implicit in ref 4, which will turn out to
give an alternative combinatorial description of the quantity M((). It is
using this description that we shall prove Lemma 2.4.

Let W= (W)} be a {+1,0}-sequence and L=(L,)] a 0-1 sequence.
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We say that (W, L) is a labeled closed walk of length n if (1) W is a closed
walk on Z, starting at 0, that is, if all initial partial sums 3, ., ; W,
(0 < j<n) are nonnegative and 3, ., ., W;=0, and (ii) L is such that, for
all 1<ign, if W;=1, then L;=1, if W;= —1, then L;=0, and if W,=0,
then L;e {0, 1}. For brevity, we refer to a closed walk on Z, starting at
0 simply as a closed walk. Given (€Y, let #({) be the set of all labeled

closed walks (W, L) with L ={, and put R({)=|2({)|.
Proof of Lemma 2.4. We start by proving the following claim.
Claim. For all {, yeY, we have R({10y)= R({1y)+ R({0y).

Proof of the Claim. Let {, yeY be fixed. Suppose W= (W) is a
closed walk for which (W, {10y) is a labeled closed walk. Assume
W=W"lw w, W?, where W' and W are { +1, 0}-sequences of length
N({) and N(y), respectively, and w,, w,e{ 1, 0}. We put

(WIOW, L1y) i (wy, w2)=(0,0)
_Jirmowa, coy) i (wy, ) = (1, —1)
o(W, {10y)= (WO, 1) if (w;,w;)=(1,0)

(W(=1) WP, [0y) i (wy, wy)=(0, —1)

Then it is straightforward to check that ¢ defines a bijection between
RA(L10y) and Z({1y) U #({0y), proving the claim. B

Putting together the claim above and Lemma 2.3, we deduce that
R({)=M() for ail €Y, since R(0¥1')=M(0*1")=1 for all k, /=0. We
are now ready to start the proof of Lemma 2.4 proper. The calculations
below, which are included for completeness, appear in the Appendix of
ref. 4 in a slightly different form.

Let a and >0 be integers. For convenience, let us say that a 0-1
sequence L is of type (a, b) if L has a elements equal to 1 and b elements
equal to 0. Let r,, be the number of labeled closed walks (W, L) with L
of type (a, b). Thus r, , =3 R({) =23, M({), where the sum ranges over all
{ with N({)=a+ b and K({)=a. Moreover, if W, is a given closed walk,
let ry, . » be the number of labeled closed walks (W, L) with W= W, and
L a sequence of type (a, b). Clearly r, , =2 w rw. ., where the sum ranges
over all closed walks W of length a+ b.

The easiest way of handling the numbers r,, and ry,,, is by using
generating functions. In the sequel, we shall consider bivariate formal
power series with formal variables x and y. Let n>0 be an integer. We put
WX, ¥) =45 rasx’y®, where the sum ranges over all pairs (g, b)
with a, >0 and a+b=n Moreover, for a closed walk W, we put

V(X )= ass0"w.asX’y’ Then clearly Y, (x, y)=Zw ¥ w(x, y), where
the sum is over all closed walks W of length n.

822/76/5-6-5
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Now, if a closed walk W= (W,)| has 2g nonzero entries, it is
immediate that we have Yw(x, y)=(x+ )"~ 2 x99 Now note that the
number of closed walks W= (W,)] of length n with 2¢g nonzero entries is

w0 (G)z)

Indeed, to each such walk W, associate the walk W'=(W;);*' with
W;=Wfor 1<ig<nand W, ,= —1. Then all proper partial initial sums
of W’ are nonnegative and Y, ;<. W/= —1. The number of such

sequences W' is
2q+1\/ n+1
0 (7 )
(n+1) q 2g+1

Choose where to have the +1 in W’ randomly, and then Raney’s lemma
(cf. the proof of Lemma 2.6) tells us that a fraction of 1/(n+ 1) of such
choices will do for W’. Thus the number of closed walks of length n and
2q nonzero entries is

1 <2q+1><n+1>_ 1 (2q+l)(n)
n+1 q 2g+1) 2g+1 q 2q
il )z)
q+1\q/\2g

as claimed. (Here and in the sequel the reader is referred to Chapter 5 of
ref. 10 for identities involving binomial coefficients.) Therefore

Yalx, y)= L (2:)(2’;) (x+ y)' 2 x9y4

69 G R
) x‘”'fy" (g+))
q/\2q J
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Therefore we have that

Fen_x=(k+1)"" (Z)(": 1)

and hence Lemma 2.4 follows. W

We close this section with the following remark. Recall that M(()
appears in the definition of the probability measure p=p, , on Y, and that
we shall use p to construct invariant measures for our two-species asym-
metric processes. We feel that the definition of M({) makes it natural that
this quantity should be involved in our construction. The alternative
description of M({) as a certain number of labeled walks on Z, given in
the proof of Lemma 2.4 above, allows us to perform some calculations, and
in particular to prove Lemma 2.4.

3. INVARIANT MEASURES FOR THE PROCESS AS SEEN
FROM A SECOND-CLASS PARTICLE

In the sequel, we shall always have p <A Given 0<p<i<l1, we
construct here a “translation-invariant” measure u5, in the sense this
measure is invariant under translations that leave a second-class particle at
the origin. The parameter p corresponds to the asymptotic density of the
first-class particles, and A4 corresponds to the asymptotic density of all the
particles, with classes disregarded. In Proposition 1 we show that under u)
the distribution of first-class particles to the right of the origin and the dis-
tribution of empty sites to the left of it are product measures with densities
p and 1—A, respectively. Another important and nice property of the
measure 45 is that the distribution of the distance between two successive
second-class particles is the same as the distribution of the hitting time of
1 for the random walk Z, introduced after Lemma 2.3. This observation
and Proposition | give an alternative way of computing the decay of
densities found by Derrida er al.'*’ (see Remark 3.2 below).

In Theorem 1 we show that u) is invariant for the process. We then
construct other invariant measures for the process as seen from a second-
class particle, randomly drawing a configuration according to x5 and
identifying first- and second-class particles to the right of the origin and
empty sites and second-class particles to the left of it. In particular, we get
the shocks when 4> p: the invariant measure as seen from a single, isolated
second-class particle. We may also obtain an invariant measure with only
two second-class particles. If A = p, the distance between these two particles
is a nondegenerate random variable with an infinite first moment. In this
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case the corresponding random walk Z, is symmetric and the hitting time
of 1 is finite with probability one but has an infinite mean.

Let {{;},.2<Y be a doubly infinite i.id. sequence of finite configu-
rations with distribution P({;={)= p({), where p({) is given in (2.1).
A configuration (o, £) with distribution u) is obtained by displaying the
{; on the integers separated by second-class particles. More rigorously,
for iz0, let N;=N({,)+1 and S,=2§;‘0 N;. Let I(x)=i if and only if
S;<x<S;,, (ieZ). Set g(0)=0, £(0)=1, and for x>0 put

A Crolx=Syy) i Sy <x<Spg+
"(x)_{o if x=S.

1 if x=Sy,
Slx)= {0 otherwise
Define o(x) and &(x) for x <0 analogously. The resulting distribution of
(a, &) is the measure u’ that we seek.

Theorem 1. Let 0<p<A<]1. The measure u) is invariant for
(tx,0,, Tx¢,), the process as seen from a second-class particle.

Before proving the theorem above, we construct other invariant
measures using u; and identification operators. Let ¢ = {x;},.; be the set
of occupied sites of a configuration & of second-class particles with the
origin occupied, where x,=0 and x; < x,, for all integers i. Let &, and ¥,
{ie Z) be operators on configurations (o, &) defined by setting, for all xe Z,

(o(x)+&(x), 0) if x>x,
(o(x), £(x)) otherwise

®,(a(x), é(X))={

¥ (o(x), é(x))={(”‘x”°) Hox<x

(o(x), &(x))  otherwise
In words, @, identifies first- and second-class particles to the right of the
ith second-class particle and ¥, identifies empty sites and second-class
particles to the left of the ith second class particle. The next lemma, which
is a straightforward generalization of an observation in Ferrari et al.,’®
says that the identification operators commute with the process as seen
from a second-class particle. The reason is that, owing to the nearest-
neighbor interaction rules, namely, the total asymmetry of the jumps and
the exclusion interaction, the second-class particles to the right of a given
second-class particle behave as though they were first-class particles. For
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the same reason, second-class particles to the left of a given second-class
particle are just like empty sites.

Lemma 3.1. For any i>0 and j <0, the operators &, and ¥, com-
mute with the generator L) of the process as seen from the second-class
particle:

®,Ly=L139,, ¥ L;=LY¥,
An immediate corollary of Lemma 3.1 is the following. Let & =

¥ _ .. =1, the identity operator.

Theorem 2. For any 0<p<A<1l and any 0<i< oo and —o0
j <0 the measures

/“,2,:'./‘ =@, Wjﬂlz
are invariant for the process as seen from a second-class particle.
Remark 3.1. For all 0<p<A<]1, the measure u5, _, is the

measure as seen from an isolated second-class particle. Moreover, the
measure u5, ., is a measure with only two second-class particles.

Proof of Theorem 1. By a standard construction of the process,''*!
it is sufficient to verify the equality

[ L2110, &) duito, &) =0 (3.1

for f=1,{(o, &) ,}, where 4 is a finite subset of Z containing the origin,
(o, &), i1s the projection of the configuration (o, ¢) in A, and I' is an
arbitrary configuration of the form

2y 42y k412 2y 429,22 29,2

with arbitrary k and arbitrary y,eY (i= —k, —k+1,.., —1,1,.., k). Put
I_=-37_,[Ny)+1]and I =3*_| [N(y;)+ 1]. Then, here, we have
A={xeZ:1_<x<l,}. Moreover 1{.} is the usual indicator function
and

Lyf(0,8)= ¥ {a(x)[1 —a(x+ ][ flo***", &) = f(0,{)]

x#0 .

+ [ —a(x+ DI[1 = &(x + DI flo, &Y = fla, &)1}
+o(=Dfr_1o7"% 1,7 = fl0,0)]
+[1=a()I[1 =&DIfr,0%", 1,&") = fl0, )]
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Let us, uy and 45 be the projections of uy on A, {{_—1}u A, and

u {l, + 1}, respectively. Then verifying (3.1) amounts to verifying the
equality of the following two expressions:

Ui

uy (1) + ZA #2 () +p3"(I0) (3.2)
and
Hy (20 )+ ZA B2l o) +u3"(I712) (3.3)
where -

Ay={xeA:T(x)=1,T(x+1)=00r2}
u{xed: I(x)=2,I(x+1)=0}
Ay={xed: I'(x)=00r2, Nx+1)=1}
u{xeA:I"(x)=O,f(x+l)=2}
A7 =A\{l,}
I =y_ 2y _ 4122y _129,2---29,2
F™=2y 42y 40122y 120122y,
Feer={T(y), yed, y<x} Mx+ 1) T(x){I(y), ye 4, y>x+1}
We first show u5' (1) = u5"(I'~12). Notice that

Uy () =ps(a(—1)=1) u5(I')y = pAu;(I')
On the other hand,

k—1 k—1

' (F=12)= [1 p)xpyely= T1 p(y2) x plyi) pA=pus(I")

i=—k i= —k

where p is the probability measure given by (2.1). Similarly, x5"(I'0)=

15'(20°_), so we only need to show that the two central sums in (3.2)
and (3.3) are equal. The first thing to notice is that u;(I") factors in the
following way:

s () =m(F)yx A1 —p)Ap) D [(1 = A)(1 — p)]" -k (34)
where  m(I') =TTi_ _, M(y,), Kk(I')= ,__k K(y;), and n(I' =

% _ _«N(y;). The measure u3(I'..,,) factors in a similar way when

xe A \{Z; ! _« [N(y;)+11}. If, moreover, x€ A,, then k(I')=k(I, ., ,)
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and n(I')=n(l, ..,). So the last factor in the product (34) for u5(I")
equals the corresponding one in u5(I, ., ).
When /_ € 4,, we have

lulzl(rx,x+l)=m(rx.x+l) X)‘(l _P)(lp)k(r‘"”')
X [(1 _}_)(1 _p)]"(rx.x+l)—’\'(rx,x+l) X/.l'z(O'( _1)= 1)

Since in this case k(I ,.,)=k(I)~—1, n(l, ..)=nl)—1, and
u(a(—1)=1)=Ap, the product of the last two terms in the above expres-
sion equals the last term in (3.4). A similar thing happens when / € 4,.
Hence the factors dependent on 4 and p in the terms of both central sums
in (3.2) and (3.3) are the same and so it is sufficient to verify

Y mIy= Y mI ) (3.5)

xeA xed:

This is proven in exactly the same way as (3.5) in ref. 4 (indeed, m here is
the same object as w in that paper), by observing the following properties
of m, which are inherited from M:

m(C'10r"y=m(I'"'1 " Y+ m('0I"")
m(C' 12" y=m(I"'2I"'"), m(I"20r"y=m(I'2r")
The conclusion is that both sides in (3.5) equal

Y m(yf oyt oy
Jiyi=1.0
where y¥ (i=1,.., m) are the maximal blocks of y, (y,€ {0, 1,2}) consti-
tuting I, that is, F'=y{' ... y¥i ... yir. W

The next result was announced by Derrida er al.**) and proved by
Speer!” through direct computations. Our proof is based on constructing
the measure u5 by first displaying the first-class particles to the right of the
origin according to a product measure and then specifying the positions of
the second-class particles. The same is done to the left of the origin with the
empty sites.

Proposition 1. Under p, the distribution of first-class particles to
the right of the origin is the product measure v, of parameter p. Similarly,
the distribution of holes to the left of the origin is the product measure
v, _, with parameter 1 — 4.

Proof. Let a configuration n € {0, 1} be given. For x> 1, let n|, € Y
be the finite configuration (1) #(2)---n(x—1) of length x—1 deter-
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mined by n. For all x>1, put M(n, x)=M(n|,) and similarly put
K(n, x)=K(n|,). For x=1, let

0 if =1
p(xln)={ e

AM(n, x) AKX (] = )x=Ko=1f ) =0 (36)

Notice that p(x|n) depends on n only through sites 1...., x. To prove our
result it suffices to prove that

Y p(xin)=1 (3.7)

x>0

v, almost surely, which is proven in Lemma 3.2 below. The reason is that
we can interpret p(x|#n) as the probability that the leftmost second-class
particle to the right of the origin is at site x given that the first-class
particles are at the sites occupied by #. To see this, compute, for instance,
the probability that the configuration {=11010 appears between the
second-class particle at the origin and the next second-class particle (at
site 6). According to our construction, first distribute three first-class
particles and two holes at sites {1,.., 5} with probability p*(1 — p)>. Then
put a hole at site 6 with probability 1 — p. Finally, the conditional proba-
bility of putting a second-class particle at site 6 given the configuration
110100... is

p(6]110100...) = AM(11010) A3(1 — 1)

The resulting distribution is exactly the one given by (2.1). This argument
can be applied to an arbitrary configuration, but the notation is too heavy,
and hence we omit the details. W

Lemma 3.2. Let p(x|n) be defined as in (3.6). Then for all
pe[0,4]

Y plxin)=1 (3.8)

x>0

v, almost surely. Furthermore, (3.8) holds for all configurations n € {0, 1}#
with a finite number of particles.

Proof. We first prove the identity (3.8) for configurations ne {0, 1}
with a finite number of particles. Observe that if #(x) =0 for all x> 0, then

Y oplxlm=2 Y (1-2)"""'=1
x>0 x>0

Assume that the identity holds for any configuration with n particles. Let
n be a configuration with n+1 particles, whose rightmost particle is
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located at z > 0. Let n° be the configuration # modified only at site z. Hence
n° has n particles. From Lemma 2.3, for x>z + 2, we have

M, x)=M(n"',x—1)+ M(n, x—1) (3.9)

Divide the sum in (3.8) in two parts:

T pxlm=Y pxim+ Y plxln) (3.10)

x>0 x=1 x=z+2

Apply identity (3.9) to all terms of the second sum of the right-hand side
of (3.10) to obtain

oo o

Y pxIm= X [1=1(e)] Mr, x— 1) AKO-0+ (1 — 2= 1= Koo

x=c+2 X=>+

+ Z [1 _n(x)] M(’7s X — I)AK(n.le(l _I{)x—l—K(n.x)
x=z+2
Since for x=2z+2,

K, x)=K(n,x—1)=K(n",x—1)+1 and l—p(x)=1—np(x—-1)=1

we obtain that this sum is equal to

/{ Z [l—q(x—l)] M(’I:,x_l)/{K(r/:..\'—l)+l(l_A)(x—l)—l—l((rf.x—l)

X=z+2
+(1=2) ¥ [1=n(x—=1]Mn, x—1) 1K=+
xX=z+2

X(l _l)(.\'—l)—l—K(q..\'—l)

Hence

ac 20

plxin)=41 Y plxn’)+(1=2) p(xln)  (3.11)

)3
xX=z+42 x=z+4+1 x=z+1
Observe that for x <z, M(n, x)= M(n’, x), K(n, x) = K(5°, x), while
l—n(x)=1—n"(x) for x<z and 1-n(z)=0. Hence, multiplying by
(1 —A)+ A the first z terms of the first sum in the right-hand side of (3.10),
we obtain
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z+1

2 plxlm=(1-4) S, plxln)

—1
+24 Y [ =n7(x)] M(n7, x) AR+ (L — g)v= - Kemo
1

X =

+[1=—nz+ )M, z+1)
le(ry.:+l)+l(1_/1)(:-4-1)—/((4.:)—1 (3'12)

Now

M(n, z+1)= My, z)
Kn,z+ 1)=K(p%, 2)+ 1
l—np(z+1)=1-n(z)=1

Hence the last line equals Ap(z|4?) and the second plus the third line
equals A 32 _, p(x|n®). So, putting together (3.11) and (3.12), we get

Y opxIm=(1—=24) Y plxim+4 Y p(xln’) (3.13)
x>0 x>0 x>0
Since the second sum in the right-hand side of (3.13) is one by the
inductive hypothesis, this completes the induction step. Thus the result
holds for finite #. Since the sum of the first » terms in (3.8) depends only
on %(1),.., n(n), the validity of (3.8) for finite  implies that for any » and
n=1, we have 37 _, p(x|n) <1, which in turns implies that for any 5

Y plxin)=cm) <1 (3.14)
x=1
Assume that there exists a set X, with positive v, probability such that if
ne€ X, then ¢(n)<c< 1. This and (3.14) imply that

1>fdv,,(r7) Y, pxin)=P(N<o)=1 for p<a
x=1

where N is the random variable whose distribution is given by (2.1) and
(2.3). The contradiction above proves that (3.8) holds v, almost surely for
any pe[0,4]. ®

Remark 3.2. Using the generating function of N given in (2.3), one
can estimate precisely the rate of convergence of the densities of the
particles computed by Derrida eral.’ Let (Z,)? be the random walk
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on Z defined after Lemma 2.3. We say that there is a record at time n>1
if Z,>Z, for all 0< j<n. Hence the probability that under y} a second-
class particle is present at site n>1 is the probability that the random
walk (Z,,)‘l‘O establishes a record at time n. Put uy=1, and for n>1 let
u,=(A—p)+p(1—1)P(T =n), where T is the time of the first record or,
in other words, the hitting time of 1. Now (2.3), the relation between N and
T, and the renewal equation® imply that u, is precisely the probability
that a record is established at time n. From the rate of convergence of the
distribution of T (see remarks to the proofs of Lemmas 2.2 and 2.5) it is
clear that u, goes exponentially fast to A—p when 1>p and like n~'?
when A = p. Since the density of first-class particles to the right of the origin
is a product measure with constant density p, this gives also the asymptotic
density of holes to the right of the origin. Analogous arguments work to
the left of the origin by observing that the density of holes is 1 — A.

4. THE INVARIANT MEASURE FOR THE
TRANSLATION-INVARIANT PROCESS

In this section we assume 0 <p <A< 1. Let u, be the unique trans-
lation-invariant measure satisfying p,(-|£(0)=1)= p5(-). As mentioned in
the introduction, p, must be invariant for the two-species process. We
show next that the measure u, has good marginals.

Theorem 3. The ¢ marginal of g, is v,, while the ¢ + £ marginal of
Ha ds v,

Proof. To construct the measure u) we started by assigning the posi-
tions of the second-class particles and then we gave the distribution of the
first-class particles, given the position of the second-class particles. The
positions of the second-class particles form a (discrete-time) renewal
process with finite mean interarrival time, with the first renewal at time 0.
When p <A the average distance between two renewals is (41— p) ™' < o0.
Hence we can use the key renewal theorem to construct u, in the following
way:

U= lim pit,= lim pj7, (4.1)

X = —0 X = +00

where . is the translation by the x operator. To show the theorem, take
a cylinder function f(g, ¢) depending only on ¢. Take a negative z such
that the support of f is contained in (z, o). By Proposition 1,

. f=v,f
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This and (4.1) imply that 4, f=v, f. To show that the o + ¢ marginal is v,,
apply the same reasoning for a positive - and show that u,f=v, if f
depends onlyon o+ ¢ W

Our next result exploits the embedded reneval process in both u,
and 5.

Theorem 4. It is possible to construct a coupling fi, with marginals
i, and p such that if (o, & o', £') has distribution ji, and

H(o,¢ 0", &)=Y lo(x)—a'(x)] +&(x) = &'(x)]

is the number of sites where (g, &) is different from (o’, £'), then, under i,,
the random variable A has a finite exponential moment. In other words,
there exists 8 > 0 such that

j dii, e < oo (4.2)

Proof. Let (o, &) be a realization of the translation-invariant point
process related to the point process with distribution u5 and T; the station-
ary process telated to & Thus T; denotes the position of the ith ¢ particle,
where T,<0 is the position of the rightmost ¢ particle to the left of the
origin. Let (&',§’') be a realization of the process with distribution u; and
let S, be the renewal process associated to &', with S,=0 and S; denoting
the position of the ith &' particle. The random variables T,—T,_, are
independent and have the same distribution as S;,—S,_, for i# 1, while
(T,, T,) has the limiting distribution

P(Ty>u, —To>v)=lim P(S,,) —t>u,t—8y,>0)

where I{t)=max{i: S,<¢}. Similarly, for all cylinder f, we have
u f=Nlim, _ _u5t.f Now we construct a coupling (o, &, o', £') with the
property that the two first marginals have distribution x, and the two last
marginals have distribution u5. If T4 =0, put £'(x) =&(x) and ¢'(x) = o(x).
If To#0, let J*=min{i>0: S,;e¢} and J~ =max{i<0: S;e¢}, and
let

(a(x), &(x)) if x=J* or x<J°

(“’(x)’él(x))z{(a'(x),é'(x)) it J<x<J*

It is clear that the resulting distribution of (g, &, ¢, £') has marginals u,
and p5. To show (4.2), notice that under ji,, we have H<J* —J ™. Since
T, and Ty have a finite exponential moment, it follows from ref. 14,
pp- 30-31, that both J* and |J~| have a finite exponential moment. W
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5. SHOCKS IN THE SIMPLE EXCLUSION PROCESS

If we take the process as seen from a second-class particle and
identify particles of both classes to the right of the origin and second-class
particles with holes to the left of it, we get #;, the simple exclusion process
as seen from an isolated second-class particle. Rigorously, Lemma 3.1 says
that the process 1, := tyn,=®,¥_,14(0,+¢,) is the SEP as seen from a
second-class particle. We consider the shock measure constructed in the
remark after Theorem 2 of Section 3. Let u'=®, ¥ _,u5. ForO<p<i<l|,
it follows from Theorem 2 that y’ is invariant for the process n;. Notice
that X, can be seen as either a tagged second-class particle for the (o, ,)
process or as an isolated second-class particle for the #, process. Our next
result implies in particular that, for 0 < p <1 <1, the measure y’ is equiv-
alent to v, ;, the product measure with densities p and A to the left and
right of the origin, respectively.

Theorem 5. If 0<p< i<, it is possible to construct jointly the
invariant measure p and the product measure v, ; in such a way that the
number of sites where the configurations differ has a finite exponential
moment.

Proof. First we construct a configuration with distribution v, ; using
two independent configurations with distribution u,. Let (6%, £*) and
(¢, £ ) be two independent realizations of u, and (¢’, £') a realization of
5 independent of the other two. Define ne {0, 1} by letting

o (x)+ &1 (x) if x=0
'1(x)={ - .

o~ (x) if x<0
for all xe Z. Then, by the marginal properties of u, given by Theorem 3,
it is easy to see that » constructed above has distribution v, ;. Here it is
important that we take independent realizations of u, to the right and left
of the origin. Now couple (¢%,&*) with (¢',¢’) as in the proof of
Theorem 4, letting J, be the leftmost positive site where (¢ *, &%) is dif-
ferent from (o', £’). Similarly, couple to the left of the origin letting J~ be
the rightmost negative site where (¢ ~, & ) differs from (¢, £'). By the same
argument as before, J* and J~ have a finite exponential moment. Hence,
setting n' =@, ¥_ (d’, &), we get

Y nx)—nx)<Jt—J-

The result now follows again from Lindvall.*¥ W
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An immediate consequence of the result above is the following.

Corollary. The measures p' and v,, are equivalent, ie., one is
absolutely continuous with respect to the other.

Proof. Since under both measures all nonempty cylinder sets have
positive probability, and nonempty sets of measure zero depend on
infinitely many coordinates, the corollary follows from Theorem4. W
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